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ith layer electrodynamics: A canonical approach
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Exact analytic expressions for the fields and the power dissipated iithtt@yer of ann-layered
structure are derived under steady-state and normal incidence via continuum electrodynamics. Via
a transmission-line analog, we recursively propagate the surface wave impedance backward. We
incorporate a canonical approach via three transfer functions that recursively propagates the field
forward. The results apply exactly for an arbitrary number of layers, composed of arbitrary uniaxial
materials, and having layers of arbitrary thicknesses. We consider examples of the electrodynamics
of a superconducting thin film atop a dielectric and backed by a normal metal as a function of the
thickness of the dielectric. €999 American Institute of Physids$§0021-897€29)05215-9

I. INTRODUCTION Il. SURFACE WAVE IMPEDANCE RECURSION
RELATION
Analytic solutions for the electrodynamics, including
both the fields and the fractional power dissipation ofithe While retaining a transmission line analog in order to

layer, of ann-layer stratified structure has been a long-€Xactly obtain the surface wave impedance, we solve for a
sought-after effort. The optics literature has a formalism in_?ene_ral bo‘:}ndﬁrg CO”d't'(I)_” once and tr:"le” Obta';]‘_ trans;‘]er
volving matrix methods which yields the net transmission unctions w Ich have app |cat|9n to each layer. T IS met_ i
and reflection(or dissipation.! The usual approach for sys- odology provides exact analytical solutions to the fields in

. . . each layer of am-layer stratified structure. As such, it can be
tems involving only a few layers, however, is to bypass thes

. hod di d he familiar M " Tsed to compute the power being transmitted/reflected as
matrix methods and instead resort to the familiar Maxwe Swell as the power dissipating i@achlayer (and not merely

equations and explicitly solving or making assumptionsine net dissipatiod). This feature is important to ascertain
about the boundary condition at each la§é The fields are  nonlinear behavior as a greater power density initiéayer
obtained and then integrated to obtain the powelpften correlates with nonlinearities in tith layer's material
dissipatiort-® Early attempt§® at the calculation of the parameters. These results are canonical in that they apply for
transmission of fields and power across a superconductingn arbitrary number of layers being composed of arbitrary
film of thicknessd, make the crude approximation that for uniaxial materials(having planar isotropy with arbitrary

d< 8, , whered, is the attenuation depth of a field in a film, thicknesses. Our approach is also simpler than the matrix
the current density is constant throughout the film and thénethods familiar to standard optics teXtVe begin with
impedance at the incident surfa¢g) is Z=1/od. As we knowledge of the material paramet¢esg., y; andd; , where
shall see, the effect of these two approximations implies & iS the thickness of théth layer andy;=«;+]jB; is the

violation of the first law of thermodynamics. As in Refs. familiar propagation constant for mediimand by recalling
4-8, other worR uses without proof this samé for their that Ampere’s law and Lenz’s law mandate that handE

value ofd. These authors then claim to “calculagactlythe fields, respectlyely, are cor_1t|nuous at each mterfgce. Conse-
. o . quently, the ratio of these fields, called the wave impedance,
transmission of a normally incident plane wat@mphasis

. will also be continuous everywhere. Using a transmission-
added,”® but do not express the applicable rangedoin YW 9

line analog, we determine tHeompleX wave impedance at
terms of the impedance mismatélor justify the application theith sur?ace z,) to be? h plex P

to their particular film thickness. Later work on a single film

instead assumes that “the spatial average of the electric field

in the film is (given by the electric field at the center of the  Zj=7i(Zj 1M+ 7N/ (M +Z; 1 1N;), ()

film),” ** an approximation which breaks down at large

thickness. Other works use a transmission line analog in Ot i=n—1 1,where 7, is the intrinsic impedance of

. Yy L] ]

der t(2) 1<:2()lg1pute the surface wave |mpedan_ce exactly, and fQf,adiumi and is given byy,=j o, 1yi= g leq;, Whereey;

a!l d e '!'he absencg of an .exact solutloq for the POWETis the complex permittivit [e.=e(1—joi/ew)], M;

dissipated in each region applicable for all film thicknesses- coshp +cosg;, N;=sinhp+jsing, p;=2ed;, and g;

for even a single filtf speaks of the need for the work =2pB,d;. Z,= 7, . Equation(1) holds quite generally, and in

herein. practice, various limiting forms o and » can be expressed

in terms of the conductivity, permeability, and permittivity
15 ; 5 i i ol5 :
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lll. H-FIELD RECURSION RELATIONS 10°

‘Itan52c=|10'2 -

In general, theth layer has a forwardA;) and a refluent
propagating complek-field amplitude(in phasor notation
These fields combine to form a net field at the incident sur-
face of theith layer given byT;. We can describe the mag-
nitude of the forward field as it propagates some distahce
within theith layer by

[Ai(x=x"+d)|=|Aj(x=x")|e" (23
for i=1,...n. Continuity of the fields mandates tHfat,
(x . :
‘ A'(X'z ‘z 1+Zilm ‘, . _ 0.860.991.001.01
A1) 1+ Zid ] P
fori=1,..n where the+ (—) superscript denotes the infini- d, [A,/2]

tesimal displacement to the rigtieft) of the boundary sepa-
rating thei— 1th layer from thath layer located at; (assum-
ing the incident wave originates on the Jef€ombining this

FIG. 1. Normalized dissipation in each of three layers of a metal—
dielectric—metal composite as a function of the thickness of the dielectric.
Inset: detail about a thickness of one-half wavelength of the dielectric.

equation with Eq(2a), we obtain

A
‘ ; @D for i=1,..n—1. From P,/Py=|Tn/Acl2%( 1)l 76, We

find the fractional power in the last orth layer to be

Ayl

for i=2,...n where the omission of the spatial coordinate of

the forward field amplitude signifies that the forward field is P, 4 e—EE;ipk n-1 1+Z;/n ‘2 7

to be evaluated at the incident fagee., the left-most end if P_-: — 5. 127 | I nn).  (4b)
the field originates on the lefof the layer denoted by the in 70 n | i=1 i1M-1

subscript. Similarly, we modify the transfer function relating -1

the incident field to the tangential fi€ldy Eq.(2a), to obtain
A
Ai-1

fori=2,..n. From Eq.(2) we can solve for the fields over
all space in each medium.

Finally, via the relationship P,/Pi=4%50.7(Z1)!| 70
+Z,4]?, which can also be evaluated by summing over Eq.
(4) (i.e., 2P;/P;,), we have a self-consistent method for
confirming the accuracy of Ed4).

271

— a0 _qa;
=e i-1% -1 ——
Ni-1+Z;

, (20

V. EXAMPLE: SUPERCONDUCTING THIN-
FILM-DIELECTRIC SUBSTRATE-BULK METAL
IV. POWER DISSIPATION IN THE ith LAYER
Because of the voluminous work on films which are su-

Next, we create a Gaussian pill box whose axis isperconducting, we consider an experimentally common ex-
aligned with the incident wave vector and whose end capample of a superconducting film on a dielectric substrate,
are at both surfaces of thith Iayer. Integrating the Poynting followed by a normal meta‘lsdrn) A|th0ugh transmission-
vector over its surface and dIVIdlng by the incident power|ine ana|ogs have been previous|y app“ed to Superconduct-

(Pin), we find ing film—dielectric system¥>'®losses in the dielectric have
P, 1 ([T? T, .42 been ignored. To obtain numerical results, we consider this
B= 77— W%}(Zi)— W.%)(ZHl) , 3 system to be driven at 10 GHz and take the relative perme-

in 0 0 0

ability and permittivity to be unity for all mediums.

for i=1,..n—1, whereP;, is given by P;,= 70|A|?/2 and Although analytic expressions for the fields and the
7 is the real operatorfFrom Eg.(3) we see that if one power dissipation of a superconducting film atop a bulk
models the field in the film as constant throughout the filmmetal has been recently obtain€dhis has not been done
and takes72(Z;.,)>.72(Z;), as is done in Refs. 4-9, then for the sdm structure. Regarding this basic structure, Cer-
|Ti|=|Ti .1l and negative energy would ostensibly dissipateemuga, Barton, and Mirantfaclaim, “It is obvious that the

in theith layer] In a straight-forward application of Eq&2) addition of an intermediate layer to a superconducting struc-
and (3) we find the fractional power dissipating in thi#én  ture can only have a significant effect on the propagation

layer: properties when thicknegsic) of the buffer approaches one
i-1 / 2 quarter of the characteristic wavelength.” However, we note
i: ie—zik;llpk L+2i/m; ‘ L otherwise. Figure 1 illustrates the power dissipated in each
Pin 70 =1 |1+2Z; /77,-,1\ |1+ 2Z/9_4)? medium (film: solid, dielectric: dotted, and bulk metal:
147 |2 dashed, as a function of the thickness of the dielectric, while
x| 2(Z)—e P | /il F(Zi 1) (43 the film is in thenormal state. The conductivity of both the
' |1+ Zi, 1/ 7i|? ARk metallic film and the bulk metal is taken to be®Mhos/m
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FIG. 2. Normalized dissipation of each of three layer superconductor-FIG. 3. Normalized dissipation of each of three layer superconductor—
dielectric—metal composites as a function of the thickness of the dielectricdielectric—metal composites as a function of the thickness of the dielectric.
Inset: detail about a thickness of one-half wavelength of the dielectric.  Inset: detail about a thickness of one-half wavelength of the dielectric.

(6~5.0 um), while the loss tangent of the dielectric is 70

(using the material descriptors of Ref. 13, this implies 5, is changed from~5.0 um to ~2.5 mm. This effect is
~3cm, 5p=0.95m, and dpy=Np/2m~4.8mm). The acytely manifested in the wave impedance at each surface, as
thickness of the film is fixed at 0.km. For a vanishing i pe discussed in a subsequent publication. We note that
d|ele£:ér|c thickness, the data of7|:3|g.. 1 yieRiim /Pin=8.26  he inset of Fig. 2 reveals that the minima in the dissipation
X10"> and Ppeta/ Pin=2.02<10"", in precise agreement . the film are not coincident with the maxima of the dielec-
with the results from analytical expressions for a film on ayi- and the metal, as it is in the inset of Fig. 1, and that the
metallic substraté:***The self-consistency check discussed yisgination in the superconductor sharply increases then de-
in Sec. IV reveals agreement to over 30 5|gn_|f|ca_nt figuregeases as the dielectric thickness increases through a reso-
for each of the>_3500 data points pon5|de_red n Figs. 1-3. jance. The change af mere few percerit the thicknesses
The results of Fig. 1 reveal that if the dielectric were re- ¢, dielectric, changes the dissipation in the supercon-

moved, the dissipation in the bulk metal would Be/Py, . ) .
~2x10" 3, which, except for the thicknesses near the resoSqutor by overtwo orders of magnitudeCuriously, the dis

nant dielectric thickness, is abaiorders of magnitude less sipation in the dielectric has increased for nearly all thick-

than the total power dissipation that occurs in the film alonegﬁzsfggghjr;s/;hﬁggrel n thre phr?setlhen?r':hi;cr?tle |r\1NtP:eFf|I:n
when the dielectric is present and the system is far awa 27~ Aole, NEarly approaches he incident power. o

from resonance At integer multiples of 1/2 a dielectric ¥he range ofdy's considered in Fig. 2, there is a sizeable

wavelength, we see resonant thicknesses indicating standif nge of thlcknessgs Wh,efe the total power dissipation is
waves in the dielectric. The inset reveals that even for ou m|r_1ated bY the d|eI(_actr|c S

modest loss tangent of 18, the dissipation in the dielectric _ Finally, Fig. 3, which represents the same structures as
can exceed that of the film and the metal érnearn,/2.  F19- 2 except tady is changed from 107 to 10°7 (corre-

We also see that at the higher-order resonances, the dissipgOnding to0 a changérom 5,,~0.95m anddp,=No/2m

tion in the film increases and the dissipation in the bulk metaf=4-8MM 10 9x,~95km and dp;=A,/2m~4.8mm), re-
decreases. veals how changing the thickness of the dielectric in and out

From Fig. 1 we also see a qualitatively similar dissipa-Of resonance serves to couple and decouple the film to the

tion profile in the dielectric and the bulk metal fat, Metal. As with Fig. 2, ford,=0 Fig. 3 reveals thaP, /P,
>\,/4. We can explain this by appealing to Ec) and by ~~1.70x10 7 and P,/P;,~2.06<10"° in agreement with
recognizing that there are no reflections in the metal. other work'® However, these are also the valuesRaf/ P;,
Next, we consider the same structure, but take the supendP,/P;, atd,=n\,/2 in Fig. 3.Thus, the low-loss dielec-
conductor to be in theuperconductingtate. To maintain a tric couples the film and the metal at the resonant thick-
pedagogical continuity to the film of Fig. 1, we take the nessesThis behavior isoppositeto that predicted by Ref. 17
complex penetration depth of the superconductor to be giveas noted earlier. Making the dielectric more lossy inhibits
by N~5 um—i10nm[ 8,~5.0um (i.e., the same as in Fig. this ability, especially for large. From the inset of Fig. 3 we
1), anddp~2.5 mm, which is also equivaléfitto specifying  see that a change af mere few percerin the thickness of
(o) ~2 kMho/m and.7(o)~ —0.5 MMho/m, where7 is  the dielectric changes the dissipation in the superconductor
the imaginary operatdrThe result of this work is shown in by oversix orders of magnitudand the total dissipation by
Fig. 2, where—as compared with Fig. 1—an additionalabouttwo orders of magnitudeAt resonance, we see that
structure surrounding the resonant thickness is seen. Theven though the dissipation in both the superconducting film
only difference between the structures of Figs. 1 and 2 is thaand the bulk metal return to their values for the case where



J. Appl. Phys., Vol. 86, No. 3, 1 August 1999 Pieder Beeli 1517

there is no dielectric, they do so only after exhibiting ordersACKNOWLEDGMENT
of magnitude greater dissipation when the dielectric thick-
ness is less than a couple percent smaller than the resonant
value (see the detail of Fig.)3 From the inset of Fig. 3 we g€
also note a power dissipation maxima of all three materi-
alscoinciding at about a couple percent less than'Handbook of Opticsedited by W. Driscoll and W. VaughaiMcGraw-

\,/2—behavior that is very different than that of Fig. 1. 2;“”é’e\l;;lvgr?;:{c?é%pggg i ‘g%

M. Coffey and J. Clem, Phys. Rev.45, 10527(1992); 45, 9872(1992.
4L. Palmer and M. Tinkham, Phys. Rei65, 588 (1968.
V1. CONCLUSION 5L. Palmer, Ph.D. dissertatiofiPhysics, U. C. Berkeley, 1966.

. . . . 6 H i
Having developed a canonical formalism for addressing_D- Ginsberg and M. Tinkham, Phys. Rel18 990(1960.

t elect ic t t behavior i tratified di ’D. Ginsberg, Ph.D. dissertatig®hysic3, U. C. Berkeley, 1959.
exact electronic ransport benavior In stratined media com-s, Tinkham, inFar-Infrared Properties of Solidsedited by S. Mitra and

posed of arbitrary materials, with arbitrary thickness, and s. NudelmanPlenum, New York, 1970
with an arbitrary number of layers, we find this approach to °R. Glover and M. Tinkham, Phys. Rev08, 243 (1957.
be fruitful both pedagogically and computationally WherelOFor an example of how the impedance mismatch bears on various limiting

th b fi f tri thod ided expressions oZ—in the case of bimetallic structures—see P. Beeli,
€ cumbersome operations of matrix methods are avolaed. cce Trans. Electromagn. Compésubmitted.,

Some of the pedagogical fruit corrects notions about stand<s. Fahy, C. Kittel, and S. Louie, Am. J. Physs, 989 (1988.
ing waves in dielectrics and putative approximations about’E.g., L. Drabeck, K. Holczer, G. Gner, J.-J. Chang, D. Scalapino, A.
the surface wave impedance and the current density distribu-"am. X. Wu, L. Nazar, and T. Venkatesan, Phys. Rev4Z 10020

tion in the very thin-film limit. The generalizability of this 13531.95?&” J. Supercond.l, 775(1998.

formalism permits ready application to quantitative material**ref. 2 of C. Kittel, S. Fahy, and S. Louie, Phys. Re\3B 642(1989 has
analysis—where knowledge oP; can assess nonlinear notbeen published. S
effects—as well as application to a diverse set of problems, D. Cheng,Field and Wave Electromagneti¢dddison-Wesley, London,

ra oac 1983, Sec. 8-3.
be they transmissiorR,,/P;y), dissipation & P;/Piy), Or ré- 16\ kiein, H. Chaloupka, G. Nier, S. Orbach, H. Piel, B. Roas, L.

flection (1- P,/P;,). Although we have only considered the schultz, U. Klein, and M. Peiniger, J. Appl. Phy&7, 6940(1990.
experimentally important case of normal incidence—while”?- Ctz;emuga, M. Barton, and F. Miranda, Supercond. Sci. Techrgh5

. . . . . 1994).
O.ptlcal matrix m‘?thOds admit (_)bl_lqu? m(_:ldenCéwe pro Note, owing to their small value, the first few data points of the dissipation
vide the expressions for the dissipation in ke layer, and

> 1Y . in the dielectric have been omitted, to avoid destroying the scaling of the
not merely the net dissipatidn. figures.

The author gratefully acknowledges Emily J. Beeli for a
nerous grant-in-aid.



